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1 Introduction 


The Virasoro algebra is at the heart of understanding string theory and low dimensional grav¬ 
itational theories. In string theory and conformal field theories it is often thought of as a derived 
quantity that comes from the mode expansion of an energy-momentum tensor. For mathematicians 
it also has meaning in its own right as the one dimensional algebra of centrally extended Lie deriva¬ 
tives. Representations of the Virasoro algebra are used to classify conformal field theories and also 
provide important clues as to the nature of string field theories. One representation, the coadjoint 
representation has been the focus of investigations for two distinct reasons. One is that the orbits of 
the coadjoint representation under the action of the Virasoro group have a relationship with unitary 
irreducible representations of the Virasoro algebra I2H1II3IM1I3I] For the Virasoro algebra and 
also affine Lie algebras in one dimension these orbits can then be directly related to two dimensional 
field theories that are conformal field theories. These are the geometric actions 12311111! Another 
reason for studying these representations comes when one studies the elements of the coadjoint 
representation and adjoint representation as conjugate variables of a field theory m- The adjoint 
elements in these constructions are the conjugate momenta if they generate the isotropy algebra 
of the coadjoint elements. Field theories constructed in this fashion are called transverse actions 
(313 (with respect to the coadjoint representation) since the geometric actions constructed on the 
orbits are transverse to these transverse actions. One example of the distinction of these two types 
of actions for the SU(N) affine Lie algebra or what physicists sometimes call an SU(N) Kac-Moody 
algebra is its geometric action, an SU(N) WZNW model,and its transverse action, the two dimen¬ 
sional SU(N) Yang-Mills action. For the Virasoro algebra the geometric action is given by the two 
dimensional Polyakov action for gravity m and its corresponding transverse action given by the 
N = 0 affirmative action nniEi. Besides these constructions, other areas of interests for the coad¬ 
joint representation are the BTZ black holes HE! that appear in the asymptotic Brown-Henneaux 
symmetry m on AdS^ |dfi[ I24L 1^ . 

In this note we will take this primordial view of the algebra and its dual by describing a clas¬ 
sical phase space where the coadjoint representation provides coordinates of a phase space and the 
adjoint representation are the conjugate momentum variables. We will construct Noether charges 
on the phase space which will correspond to the adjoint action on the variables. From there it is 
straightforward to write the short distance expansion for the elements of the dual representation 
with themselves or with elements of the adjoint representation for that matter. The algebras of in¬ 
terests to us in this note will be the pure Virasoro algebras, the semi-direct product of the Virasoro 
algebra with an affine Lie Algebra, and supersymmetric extensions of this for an arbitrary number 
of supersymmetries. At this point a small review is in order 


2 The Role of the Coadjoint Representation 

In any space-time dimension the Lie algebra of coordinate transformations can be written as 

= (e o r,r, (1) 

and the algebra of Lie derivatives satisfies, 

= C^ori- 


2 


( 2 ) 


In one dimension, we can centrally extend this algebra by including a two cocycle which is coordinate 
invariant and satisfies the Jacobi identity. We write 

[(£ 5 , 0 ), (£^,5)] = (£^or,, (C,??)) (3) 

where the two cocycle depends on the D-dimensional metric gab (used to define the connection) and 
a rank two tensor® Dab, 

(e, ^) = ^ /(rV.VfeV.r?-) dx^ + ^Ji^DabS/crin dx^ - ^ r?). (4) 

Here the index structure is left in tact in order to show the invariance of the two cocycle. This 
expression can be viewed as residing on a 0-brane. Since this is a one dimensional structure, one 
may ignore the indices as long as one is mindful of the tensor structure and write, 

(C) v) = ^ J ~ ^"'v) dx + J ~ dx, (5) 

where ' is the derivative with respect to the coordinate along the 0-brane. In this form, it is easy to 
see that contains the familiar “anomaly” term that arises in string theory. The two cocycle then 
can be reduced to 

(C, V) = ^ j - Cv) dx+^ J i^r]' - ^'g) B dx, (6) 

dependent upon a pseudo-tensor, B = {hD -f c(r' -|- jT^)), which transforms as 

6B = -2^'B-^B' -cC ( 7 ) 

under infinitesimal coordinate transformations. This pseudo tensor absorbs the metric contribution 
in the central extension as well as the tensor D. B is said to transform in the coadjoint representation 
of the Virasoro algebra. Different choices of B will give different centrally extended algebras. In 
string theory, central extensions are commonly chosen so that an SL(2,R) subalgebra is centerless. 
Thus the coadjoint representation might be thought of as endemic to the central extension of the 
algebra. For example, i? = 0, is the choice commonly used when the metric is fixed to gab = 1 and 
Dab = 0. The vector fields ^ for the one dimensional line are moded by ^ ^ Cnx^~^^. Then the 

realization for the Virasoro algebra is 

[Ln, Lm] = {N — M) Ln+m + (ciV® - cN) Sn+m,o- (8) 

One can get the same central extension for the algebra on the circle in two distinct ways. Either by 
making a change of coordinates where x = exp (iw) giving the complex metric g(w) = exp (2iuj) or 
by choosing g{T) = I and Dab = gab on the circle with h = —c. In this case the vector fields are 
C = I] C'Af exp(ziVa;). 

As a parenthetic remark, one may wish to view the two cocycle (^, g) as a functional of the metric. 
Upon variation of (^, g) with respect to the metric gab and assuming that Dab is independent of the 
metric, one finds 

A(e,?7) = J'r + jr', (9) 

Sg 

where the current is, J = g — g' For constant J, one recognizes this variation as the anomalous 
one dimensional “energy-momentum” tensor. Examples of higher dimensional versions of non-central 
extensions may be found in 1221 ESI cni 

®While it is possible to choose Dab = 9aby this stage we do not impose this condition. 
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Another way in which the coadjoint representation appears is directly through the construction of 
a representation that is dual to the adjoint representation. In this case one starts with the centrally 
extended algebra. Then using a suitable pairing between the algebra and its dual, one extracts the 
coadjoint action of the algebra. As an example consider the semi-direct product of the Virasoro 
algebra with an affine Lie algebra. Then the Virasoro algebra 



[Lat, Lm] = {N — M) Ln+m + cN^ 5N+Mfi 

(10) 

is augmented with 

joi t/3 
^ M 

= ir^^ J^N+MANk5j,+Mfi 

(11) 

and 


[Bn, Jm] = —M Jn+m- 

(12) 

where [t“, r^] = . The algebra is realized by 



T _ < 70-0 _ ■AN9f:\ rot _ ^a.AN9 

Ljn — SA^^a — ^9-1 ^ JSf — T C , 

(13) 


so that the centrally extended basis can be thought of as the three-tuple, 



The adjoint representation acts on itself as 


where 


J g ^ J M' ^ — i^newi Jnew : 




A 


(A - N') La+n' 

{cA^)Sa+n',o + BkS°‘ ^6 b+m',o- 


(14) 


(15) 


(16) 


A typical basis for the dual of the algebra can be written as the three-tuple 
Using the pairing. 




Laj Jbi P 


)) 


= 5n,a + + pp 


(17) 


and requiring it to be invariant one defines the coadjoint representation through the action of the 
adjoint on this dual as m 


(^^Ai^B'^f^ * — (^^new 1 JmT with, 

L„e^= (2A - N)Lm-a-B5‘^^Lm-b - p{cA^)L-a and 


(18) 

(19) 


JS= (M - A)J^_a - if - PB k 


B- 


( 20 ) 


Since we are interested in field theories it is more instructive to use explicit tensors instead of the 
mode decomposition. The adjoint representation may be though of as three-tuple. 


J-=(C(0),A(0),a) 
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( 21 ) 





containing a vector field coming from the Virasoro algebra, a gauge parameter A coming from 
the affine Lie algebra and a central extension a. The coadjoint element is the three-tuple, 

B = (D(0),A(0),m), (22) 

which consists of a rank two pseudo tensor Dab, a gauge field Aa and a corresponding central element 
fj,. In this way the coadjoint action can be written as 


(5Bf =(e(0),A(0),a)*(D(0),A(0),^) 

= (5D {9),SA{e),0), 

(23) 

5D (0) = 2e'D + D'e + - Tr (AA') 

(24) 

coordinate transformation gauge trans 


(5A(6») = A'^-k dA - [AA-AA]-kfc/rA'. 

(25) 

coord trans gauge transformation 



Again ' denotes derivative with respect to the argument. 


3 As Phase Space Variables 

The role of the adjoint and coadjoint representations as phase space elements is best represented 
in a familiar example with emphasis on the algebraic structure. Consider the phase space elements 
of a Yang-Mills theory. There one has the vector potential as a canonical coordinate, Af (x) and the 
electric field E^{x) as its conjugate momentum through the Poisson bracket relations 

[^“(a^)A5(2/)] = 0 

[E:ix),E^^iy)] = 0 

[Atix),E^^iy)] = i5<^'>5,,5{x,y). (26) 

The transformation laws for these phase space variables under spatially dependent gauge transfor¬ 
mations is given by 

A,{x) ^ U{x)A,U-\x)-^d^U{x)U-\x) 

E,{x) ^ U{x)E,U-\x), (27) 

where one recognizes that Ai (x) (when reduced on a 0-brane) is the second element of the three-tuple 
in Ea (l22ll of the element of the coadjoint representation of an SU(N) affine Lie algebra on the line 
and Ei{x) is in the adjoint representation (the second element in En l|21ll . In this way one sees that 
these representations which are dual to each other are indeed phase space elements. 

If we were to consider the generating function for spatial gauge transformations, 

G{xr =d,E- + [E,,A,]\ (28) 

then one can construct the charge 

Qa = [ dx G“A“ (a;) with (29) 
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( 30 ) 


{Qk,E{x)) = [A(a:),£;(a:)] 

{Qk,A{x)} = [A(a:), A(a:)] - i5A(x) 

For a generic function on the phase space, say F{A, E) 

{Qf,^F{A,E)] = K{x)-^F{A,E) (31) 

M(a;) 

where is the functional variation in the direction of A(x). 

SA(x) '• ' 

Similarly, the Virasoro algebra and its dual produce a set of phase space variables. Let the 
one dimensional pseudo tensor, Dij (when reduced on a 0-brane) correspond to the first element in 
Ea.(l^ with conjugate momentum given by the rank two tensor density of weight one, The 

generator corresponding to the one dimensional coordinate transformation is given by 

Ga{x) = daDim - dl{X‘"^ Dam) " ^^(Aa ^''”) " C dadldmX^^. (32) 

^From the Poisson brackets, one can recover the transformation laws of and Dab- We have 

Qi=JdxGaC. (33) 

where A (when reduced on a 0-brane) corresponds to ^ in the algebra. One has 

{Q(,, Dim{x)} = -Cix) daDimix) - Dam{x) dlC{x) - Dia(x) dmC{x) - C dadldm Cix) 

= -2Cix) D{x) - C(x) D'{x) - c^{x)"' 

{Q^, X^^ix)} = Cix)da X'™(x) - (daeix)) X“™(x) - (^.C (^)) ^'“(^) + [daCix)) X^^ (x) 

= ax)X'{x)-^'{x)X{x) (34) 

Again for a generic function on the phase space, say F{D,X) 

{Q^,F{D,X)} = ax)-^F{D,X) (35) 

d^{x) 

where is the functional variation in the direction of £(x). 

S^{x) ' 


4 Short Distance Expansions from Algebras 

It is now straightforward to extract the short distance expansion inni for elements of the coadjoint 
representation. Equations m and ll531) are the prototype expressions that we need to proceed. For 
any element of the adjoint representation, say a, we can construct Qa- Now a is dual to coadjoint 
elements, say A since 

(a. A) = J a{x)A{x) dx = some constant. (36) 

We treat the above expression as the integral form of the operation with ^. Then for any function 
of the phase space F{x) 

{Qa,F{x)} = a(x) F{x) (37) 

da(x) 

= J oi{y) iA{y)G{x)) dy. (38) 

The distribution fA{x, y) = A{y)F{x) when compared to the left hand side of Eo lT^Hll gives the short 
distance expansion between ^(a;) and F(x). In the following we derive short distance expansions 
for some simple cases and then move on to the N-extended super Virasoro algebra. 
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4.1 Case: Virasoro and AfRne Lie Algebras 


As our first example we consider the short distance expansion for the semi direct product of the 
Virasoro algebra and an affine Lie algebra. We are interested in the short distance expansion of the 
coadjoint elements D{x) and A{x). Equations 1^ and 1^ allow us to construct the charge 

Qi= I Xiy) (^2e{y) D{y) + D{y)' ^ ^ ^ ) + J E{y) ( 2 /)A(y) + A(y)e(y)). (39) 


Then from A(a:)} we have that 

{Q^, A’’{x)} =^{x)-^A^{x) = f ^{y)D{y)A^{x)dy. 

d^{x) J 

This implies that 


D{y) A^{x) = {dy5{x,y))A'’{x) - {d^A’’{x)) S{x,y). 
Using the representation for the delta function on a line 

1 


6{x,y) = 


2TYi{y — x)' 


we have that 


Dijj) A^{x) = 


-1 


■A\x)- 


1 


2TYi{y — x) 


d.A\x). 


2'Ki{y — xY 
Similarly we can construct a charge Qa via 

Qa = I {-X{y)A\y)A'\y)-if<^^E\y)A<^{y)A^{y) + kyE\y)A'\y)) dy 
then together Ql and will give 

-do,D{x) 


D{y)D{x) 
D{y) A\x) 
A\y)D{x) 


2TTi{y — x) 


^ D{x) - 


-1 


2TTi{y — x) 


;A\x) - 


m{y — xY 
1 

2T:i(y — x) 


2Tri{y — x)^ 


d.A\x) 


{y - x)'- 


■A\x) 


xba ■ nbac 


{y-x) 


_ ■ jb 


(y-x) 


AYx). 


(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 


4.2 Case: A=1 Super Virasoro Algebras 

Supersymmetric algebras can be treated in a similar way. From the discussion found in Siegel 
|29| . let represent an element of the phase space and let be a supersymplectic two form 

with an inverse ^mn, i-e. 

npN = s^. 

The index M = {m,/r} where the Latin indices are bosonic and the Greek indices fermionic. Then 

[$^,$^} = ( 49 ) 


^{MN] — 0. 
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and 














This means that 


O 


(mn) — — ^mu “t" — 0 - 


The bracket is defined by 


[A,B} = -A 




^NM 


dB 


( 50 ) 


For the A^=l super Virasoro algebra, the adjoint representation is built from the vector field a 
spinor field e and and a central extension so that we might write an adjoint element as = (^, e, a). 
In the same way the coadjoint representation is given by a three-tuple of fields, B = {D, ijj, a). The 
transformation law for the coadjoint representation is 

T*B=(-iD '- §0 - 4*/3ce", o) . (51) 

The charges are 

= j X{y)(-ay)D{y) -^4e')dy + j -W^iy)) dy, (52) 


and 

Qe = 


X{y) {-y{x)u(ii)' - le'{y) i}{y)) dy + J (j^iv) {-hiv) - ^i[3ce") dy (53) 


Here the fields X{y) and (j){y) correspond respectively to the spin —1 and spin — ^ conjugate momenta 
for D and '0, which gives the short distance expansion 

3cP 


D(y)D(x) = 
D{y) tPix) = 
'^{y)D{x) = 

i’{y)'4’{x) = 


-1 

2Tri{y — x) 
-3 

Airily — x)'^ 
3 


A'Ki{y — xY 
-2 


dxD{x) - 
ip{x) - 
Ip{x) - 


1 

Tri{y — xY 
1 


D{x) - 


87ri(y — xY 


2'Ki{y — x) 
1 


7r(j/ - x) 


D{x) - 


47ri(y — x) 
Afic 


dxYix) 

Y{x) 


n{y - xY' 


(54) 

(55) 

(56) 

(57) 


5 A/^-Extended QIZ Super Virasoro Algebra 


We now come to the final example and the main result of this work, the fV-extended Super 
Virasoro algebras. The N Extended super Virsoro algebra that we will use is the one found ing 
[ 3113 . The generators of this algebra provide an (almost [H]) primary basis to the K(\\ N) contact 
superalgebra This is the subalgebra of vect(l | N) vector fields that preserves the contact one 
form 

a = dr + Sij(^d('^. 

The generators are 


Qli -lp ^ ^ ^h-Ip+i ^ . . . ^Ip^Ip+i 


where A can be integer or half-integer moded. This algebra along with a complete classification of 
Lie superalgebras used in string theory are reviewed and discussed in In the “almost” primary 


^We thank Thomas Larsson for pointing this out to us. 














basis the generators may be written as the following: 

Ga^ = dr] + 2iA+ , (58) 

La = - + 1)t-^C^(9[ , (59) 

q {q—2) 

= i(i)'2lr^'^-^“)(ii ... ^ g=l, ...,iV + l , (60) 

rdr , p = 2,...,N (61) 


for any number N of supersymmetries. The antisymmetric part of the generator will generate 
an SO(N) subalgebra so we will denote it as 

T" = 

Note that the primary genrators La and Ga^ are used in lieu of TZa and 7i}\ respectively while 
is the only generator that is not primary. 

The elements of the algebra can be realized as fields whose tensor properties can be determined 
by they way they transform under one dimensional coordinate transformations. How each field trans¬ 
forms under a Lie derivative with respect to ^ is summarized below. In conformal field theory these 
transformation laws are generalized for two copies of the diffeomorphism algebra and characterize 
the fields by weight and spin. Here we treat the algebraic elements as one dimensional tensors. 



In the above table we have used capital Latin letters, such as I, J,K to represent SO(N) indices, 
small Latin letters to represent tensor indices, and small Greek letters for spinor indices. Spinors 
with their indices up transform as scalar tensor densities of weight one ( 1 ) while those with their 
indices down transform as scalar densities of weight minus one (-1). For example, the generator 
[/V 1 V 2 V 3 tensor density realization of contravariant tensor with rank one and weight — | living 

in the N x N x N representation of SO(N), i.e. 



®We are grateful to Thomas Larsson for pointing out errors in the algebra in previous publications 
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Thus for N supersymmetries there is one rank two tensor Dab, spin-^ fields a spin- 
1 covariant tensor that serves as the N{N — l)/2 SO{N) vector potentials (that are gauge 
potentials for N = 2) associated with the supersymmetries, N (2^) fields for the and 

N {2^ — N — 1) fields. The entries in the third column of each of these tables are the 

0 -brane reduced tensors or tensor densities corresponding to the ones that appear in the second 
column. 


5.1 Central Extensons of the A^-Extended GR algebra 

In [3 31 it was mistakenly reported that the A^-Extended GR algebra admits a central extension 
for arbitrary values of N and further the and the symmetric combination for generators 

where omitted. It is easy to see that not only are these required to close the algebra but their 
existence will eliminate the central extensions for N > 2. Although the algebra is not simple since 
the fields form an abelian extension to the algebra the obstruction comes from the required 
symmetic part of This can be seen by looking at the (G^, G^) contribution to the 

Jacobi identity. There one finds that 

G^}] - {G^, + {G^, [G^, = 0 

implies that 

-2i(A - G) U^lc] - ((G^ - S^^^)Sa+b+c = 0. 

It is clear that the symmtric combination cannot satisfy the Jacobi identity. As we will show below, 
only the antisymmtric fields are needed to close the algbra and a central extension exists. The 

constraint above forces the central extension in the SO(2) affine Kac-Moody algebra to be related to 
the central extension in the superdiffeomorphism algebra even before unitarity issues are considered. 
In what follows we will seperate the N = 2 algebra from the generic case. 

5.2 N = 2 

For N = 2 the QTZ Super Virasoro Algebra reduces to a smaller set of generators that close as well 
as admits a central extension. The algebra is 


[ La, Lb } 

= {A - B) La+b + h c - -4) 5a+b,o , 

(62) 

Ga^ , Gb^ } 

= -z4 S^^La+b - i2(A - B) [ ry+e + 2(A + B) U\^^bk ] 
-ic{A^ — \) (5^+i3,o , 

(63) 

[La,Gb^ } 

= {\A-B)Ga+b^ , 

(64) 

{LA,n^} 

= - 6 T\U , 

(65) 

'T't I J ry-i K L J 

i 

rrlK rJL 1 rpJL rIK rpIL rJK rpJK rIL 

— + ^A+B^ ~ ^A+B^ ~ ^A+B^ 

-2c{A-B){5^^5^^ -5^^5^^)5A+Bfi , 

(66) 
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[ , Gb^ } 


2 - S^^Ga+b^) 


(67) 


Where 

rpij — r f 
= -^A 

serves as the S0(2) generator. 


5.3 N >2 


The N > 2 the central extension is absent and new generators must be included including the “low 
order” generators U\. The commutation relations are 


[La, Lb} 

[La, } 

[ , GgJ } 

[ La , Gb^ } 

[La,bL '^- } 
[ G/ , } 

[ Ga^ , rLL } 

[G^^ } 


[ G^i, Ui } 


(A - B) La+b 


( 68 ) 


-[B+ 


(69) 


-HS^^La+b - i2iA-B)[TXXs + 2iA + B)U\^XBK] , (70) 


i^A-B)GA+B^ , (71) 




2 (i)-(’") [B + {m-l)A + RaXb^^ 

m 

- 6^ L ]r+l - A,r. 

- (-*)-(4f^ + 

+ 2 (^)-(’") [ - i ] uXI^b'^"' , my 2 (73) 


2iA + B+ i)i?J,Yj - (-4 - ^) U^Xb + - i) 

{^GX+b - UX\b + 2iA + B+ ^^)uXfB k) 

5"^ {hGX+B - G^Vh + 2{A + B+ (74) 


2 [B + {m-2)A] uI^Xb^'' 


- 2 (-*)-(“) [ y4 + i ] J- 

m —1 

T(m) 


- E (-1)' 


u 




A-yB 


r=l 






m y 2 


(75) 


~2i (La+b + ^{B — A) Ua+bk) — ‘2i iA +B + 1)Ua+b C ^®) 


[ G^I , ULL } 
[ RX '^"^ , Rb" '^’' } 


-UX\bS''^ + (gL^b Ga+b + ^GUX%k) (77) 

- (i)-(™") [A - B - ^{m - n)] RLyLr Jm-Jn ^ (yg) 
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[R 


h-lm 

A 


TJ-' 

U W 




r—1 


Jl ■ ■ ■ Jn — 1 II ■ ■'Ir—1 Ir+l"'lTn 
A-\^B 




Im Jl ■ ■ ■ Jn 
A+B 


m ^ 2, n ^ 1 


( 79 ) 



= 




+ 

HUa+b - Ga+b + 2(A + B+^) 



— 

Hu]1+b - + 2(A + 5+^) 

(80) 

[ } 

= 

m 

_ (j)<T(mn) "y ' ( — 1)’-1 jImJr ^Il 'Im-1 Jl 'Jr-1 Jr+l -Jn-1 Jn 

T* — 1 



vm 

Z^r^l 

(_l)r-l^I„J„ j^Jl^-^Jn-lIl -In-lIn+l -U-lIn. ^ ^ ^ 

(81) 

[ uL , C/J-' J- } 

= 

n 

_(j)<-M ^IlJr 

r—1 

(82) 

where the function a(m) 

= 0 if 

m is even and —1 if m is odd. The central extensions c and 

c are 


unrelated since we have only imposed the Jacobi identity. 


5.4 Short Distance Expansion for D{y) 0{x) 

The transformation laws for ^ (y) on the dual of the algebra allows us to extract the short distance 
expansion rules for the held D(jj) and any other element in the coadjoint representation 0{x). Using 
the transformation rules 


L^*{Ld,P) = 

Lf) j 

D = 

-2£,'D - iD' - fC 5 n,2 , 

(83) 

Li*G% = 




(84) 

T r^RS 

* -L^ns — 

rRRS 
-Lj^RS 1 

.^RS 

= - c (r^®)' , 

(85) 

Li^uXX = 

i/Vl-Vn 

, + !(■ 

,'d^~l-['2l 5 Gi'"V„- 2 rV„_i]V„ 

V -Vn" ) 

(86) 


where ^ (§ - 2) , 


Li * 


nTi-T„ 

pTi--.T„ 


(87) 


where " = (^ - 2) " - C (p"^' ■'^“)' 

and [x] is the greatest integer in x. 

By constructing the generators we have the short distance expansion laws, 


D{y)D{x) = 
D{y)P^{x) = 


-1 

27r(p - x) 
-3 

47ri(p — x)2 


dxD{x) - 


ip^^x) — 


1 

Tri{y — x)^ 
1 

2TTi{y — x) 


D{x) - 


47ri(p — x)'^ 




( 88 ) 

(89) 
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Diy)A^^{x) = 

D{y) {x) = 


+ 


“1 \RS/ - 1 


2'Ki{y — x)'^ 
n — A 

Airily — x)^ 
n — A 

A7ri(y — x)^ 

r ^ 1 r — 2 1 

(j)[Ti-[^i 






2Tri(y — x) 








1 


2TTi(y — x) 

1 

2Tri{y — x) 


da,u:^^-^-{x) 


d.p^^-^-{x) 


2Tr{y - x) 


3 


h-InA 


(x) 


(90) 

(91) 


(92) 


It is worth commenting on the last summand that appears in Eq. (P|). From Eq. TO , we notice 
that the transformation of '^"(x) contributes to p^^"'^™(x). This implies that the charge 
contains the summand 

Qj = ...+ i(i)[^l-[|li J n^--^«-(x)(r(x)u;^^ -"-=^’-^^‘>(x))J,_i,,dx, (93) 

where IIp^ ^’“^(x) is the conjugate momentum for p^^ '^<i-^{x). So 

■■■^’■"(a;)] = '"'^‘'“"( 2 ;), (94) 

will lead to 

D{y) p^^ '^^{x) = ^ dy5(y,x)Lo^^"'^"-^{x) + (plusp^^ '^"-dependent terms). (95) 

The existence of contributions like as seen in Eq. TO is due to the transformation of the connection 
r. Although the connection does not appear in the algebra since gab = 1, its presence is felt in the 
coordinate transformations. 


5.5 Short Distance Expansion for 'ijj^y) 0{x) 


The next sections follow in the same way as the D{y) 0{x) expansions. One constructs the 
generators dedicated to the symmetry transformation of the particular algebraic element and then 
identifies the short distance expansion or operator product expansion from the variation. From [H] 
we can write the transformation laws due to the spin ^ fields as 


G 


*G% 


= + f% + {l-6^) {R%^-U%) 




where I’ = 5 - | = ( 2 xV*^ - 


(96) 


G\r*{LD,P) 


4^Gl.-2^C/I.^, 


where = (-x^ D - (x^)") 


(97) 


r-il rpK S 

.^RS 


= ^(GSs^'^'-G^a-Ji®) , X^ = X^ = ‘^{x'Yr^^ + x\r^''Y (98) 


r'^ , ± rrViV2 




V 2 


xVii 
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( 100 ) 


LM 


* R 


^ pTi -Tm 

..T„ 


Q^‘ pILM 

— 61 ^LM) 


,m+2, ^ , 

2 z(*)™+l(*)' 2 l-[2lc7[J-3_^^ 

-^((xI)'pTl ■Tm_(xI)(pTl--Tm)/) 


m 7^ 2 


r!2±i, -T, 

2 l-t2l^(_l)-li?M^ 

r=l 


fil * frVi - V„ 


-2i''^'-'2l A/W^V2-V„] 

^((„-4)(xI)'^Vi...V„_(^I)(^Vi...Vn),) 


,n—1, 


+(*)(*) 


r—1 r-i 
0 2 I“l2l 


((xI)'ajVl--V„)f 

(5^ 


E r-T[Vl---Vr-lVr+l---V„ ^Vr]I 


r=l 


+G 


[V 2 


_(_l)"-ljI[V„ j^Vi-.y i] 


(JV 3 V 4 ijVi]! ^n4 


jIVi 


((xI)"wVl 

'"X' * - -^(xl - l^(xla;"<) + (^K ^I) 

The short distance expansions that follow from here are: 

■ (x)) - 


'ijj\y)D{x) 

ip^ix) 


—i 


Airily — x)^ 


47r(y — x) 

[y -X) (y- xy 


y\x) 


i{y - x) 

(1 - SI) 


l^gARgLS -^AS^LR^ 


2Tri{y — x) 


,[§]-[4^] 


{Q ‘4) JAi---Aq-\ /pj JAi---Aq-i 


Ky-x) \{y-x) 


\x)-d, 




(x) 


(i_4l)(_i)(.-»(_i)i“i2|-esii_ 1 


( 101 ) 


( 102 ) 

(103) 

(104) 

(105) 

(106) 


(y - x)- 




+ 


r g-l i r9, 

(^)[^1-W 

2Tri{y — x) 


_ ^'^1(1 -<^l^) ^J[Ai ^A2] ( ) 

27r{y-x) ^ 

27r(j/ - x) 


(107) 


{y) p^^-^yx) = 


-(-!)<««> (,)i^i-i?i^-4....4.4(^.) ^ ay - y ^,,|A. ^,«.i(^.) 
27r{y — X) 27r(y — x) 
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2TT{y - X) 


9+1 


E <1 ■ ■ ■•<;_,] s "-sd 


rSnii 


1 


■P' 


m{y-x) \{y-x) 

_ A{l-5^) ^ A.](^) 

My-x) ^ ’ 


JAi -A, _Q^pJA,- 


(108) 


5.6 Short Distance Expansion for A'^^{y) 0(x) 

As a generator of SO(N) transformations, the operator A'^^(y) takes on its own significance from 
the symmertic part of U'^^{y). Here are some of the expansions for operators 0{x) paired with 


AJ^iy). 





= 


(109) 

T^JK rrVi 'Vn 

= 

n—1 

- J2{-1Y+\6■^A^ j;W^.v^dK|v,,....]Vn 

r—1 



- 

rK[Vi r-rW'-W-il J|Vr+i---]V„N 



+ 

r-r[Vi-- V„_i] J .V„K .y[Vi -V„-i]K .v„ J 



—i 


(110) 

T^JK nTl -Tm 

r (JK * ■ Tm 

= 

m 

r—1 




f[Ti[K| oTs-'-Tr-l 1 J 1 Tr+1---Tm]\ 

^ pTi-.-Tm) ) ’ 

(111) 


= 

1/fRJfSK rRKcSJ\ T -- j_ l^AB cJKRS \ 

2{0 0-0 0 j^((iJKy^RS) + 2^(iJKT.RS) ^AB 

5 

where 

= 

(^AK^BS^RJ _ ^AK^BR^SJ ^ jAS^BJ^RK 




_^AR^JS^SK ^ jAS^BK^RJ _ ^AR^KB^SJ 




^^AJ^BS^RK _ ^JA^RB^SK ^ jAS^BK^Rj ) ^ 

(112) 

We get the [y) D{x) short distance expansion as: 


AJ^{y)D{x) 

= 


(113) 

A^’^{y)^P^{x) 

= 


(114) 

A-^^iy) A^^{x) 

= 


(115) 
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^27r(j/-a;) 

1 


2m{y — x) 




( 116 ) 




i(—i)" ^ 




(117) 


2'xi(ij — xY 

5.7 Short Distance Expansion for ^«(?/) 0{x) 

The next two sections provide the short distance expansions for the fields and 

These fields appear in the QTZ realization as natural Grassmann extensions of the SO(N) gauge field 
and the one dimensional diffeomorphism field. The relevant transformation laws are : 


U^j * Ld 


(118) 


pJK 

(119) 

ul^ * g^k 

nJK 

( 120 ) 

tJ ^T/LMN 
>J * O^^LMN 

pLM rJN , q pJL cMN 

— 0 + 47t(^q;/) 0 

( 121 ) 

A 1 J 2 ^ 77 K 
^JlJ 2 * 

_ /^Jl AKJ 2 ^J 2 XKJl 

- '-^GJlJ2q;K) 0 ^ ^ 1 ^2 q,K) « 

( 122 ) 

J 1 J 2 ^ pK 

^JlJ 2 ^- 0 ^ 

_ AJiK GJ 2 

- 0 

(123) 




4_ 
2 


. „ _ n ^Vmlq r[Il -Iq_i ] jq 

[Vl-Vq]^((i^)^,^_(2^)^^,) dVl-Vq-l]*^- 


2 i ([2 l -[^ l ) jm ,( q + l ) g[Vi 


. 


V 2- V „] 


{-{q-2)fj.uj' + {3-q)(i'uj) '^[Ii---Iq] 

-ll.Vq 


+ 2(-l)«(*)l5l-[''t'lG|._^^^, jm.q+1 


_ *(*)[§l-[%'l g(_i)-i^-^ ... 4^^ 

r—1 

+ Y. 2(-i)’'+‘(f£L7'SK ■ ■ ■ ^ 

r—1 

rrii, rin::! , „ ,in±ln 

+ l(i)^'2l + [ 2 +21-I 2 d 


X {Zt-D-'-’ilS.'.'.Jn Gj -iv. 

r—1 

_ ('_1 'i 9(™-<?+2) \^('_1'l)'-lGVl"-Vm-q+l[Irdi---Ir-lIr+l---Iq] 

'' ^ Z^'' > ‘'Vm_q+2---Vm_q+2 + r- 


■■v„ 
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( 124 ) 


+ ^ 1} n[Vl-V„,_„ .V„_<,+ 1-]V„ 

- w '^[Ii-]I, 


'fYl _ Q Q YfX 




For q > 2 the short distance expansions are: 

ui^^-^^{y)Dix) = ' (x) - ' (x) 


2miy-x)y2iy-xr " ^7 

= ‘iDfa -!r" 


r£i r£±ii 


7rz(y - x) V 

2TTi{y — x) ^ 


i h -Igl , X 

7-7^7 7) 

{y-x) 




(l) «'-« - (l) i'''*) 


2Tri{y — x) 


7i---7,_ix4^^^ ^7,B _|_ 






27r(y -x) ^ 


Vi •• • Vq+r—1 -B Vq+r •••'I’q+p—1 / 


cA. — 1 r^q —1 rBi r-^^’+i r-®p —i X^p 

^[Vl •■■^Vq_l^Vq •"^Vq+r-l*^B ^Vg+r " ' ^V^+p- 2 ] ^Vq+p -1 


^My-x) ^ 


^1 ^p-l ^p V^p + r-1 yp + r ^p+g-3 


^-x....^,, ) B....B,,^, ^ _(i)[8HlSl-|^l 7 a.-’---Nx) ^ 

\ 27Ti{y — xy 2'ni[y — x) 

/_1 '\r— 1 

I \ ^ ' _ Ai •••Aq_i Bi •••Br AqBr+l •••Bp / \ 

^ 2ri(„ - *) " 'y 


5.8 Short Distance Expansion for p"^^"'^‘>{y) 0{x) 

Our last contribution to the expansions for the coadjoint representation is given below. Special 
cases are explicitly written and supercede the more general expressions. 

DJ1J2 *77^ — ;cmJ 2 _/^J 2 litnl 

-n-^JiJ2 * — tT(^JlJ2 (jM) IJ-UU; 


<7^72) * ^J2 M - 27=l ^mn ^ 2 jMN (131) 
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= - \ (Gf,,,, L - G(132) 

T) 'P~\~‘2i — — 

+ j{[fl-[^l}jp+i.m^v„ .[yi...v„_i] 

\TUJ ) [J 1 ■ ■ ■ JpJ 


(rcj)' [Ji---Jp] 

[G 

(rw)" '^[Ji---Jp] 


p )pH~2 — — — 

+ 2i(-i)p+i(5p+3’“ (i)[2i-[—icjyy, jv„_i,]v„ 


I llP°'rilllTHl!l-l "‘^r^ l> fiV.+i ■■v..-„v....v, 

V v*j ‘’[Ji-'Jp] ’ 


(133) 


nJi-Jp nTi-Tn 


(-1)” {2(og1S_„p,_„_p,p, 


r—1 

Z^y ^^(rp) ‘’[Ji--J,_i J,+ i-Jp]Om 


r—1 

P 


_ _ \r —lrr[Tl---Tm-p+l | Jr | cTm-p +2 • •-Tm] 

/ (rp) ^Jl---Jr-l Jr+l-"Jp 

, ^{[f] + [^]-[T]}^[Tp+,...T^^Ti...Tp] 

+ * ■f^(2r'p+2-p')‘’[Jl-Jp] ■ 


(134) 


Typical operator product expansions are then [q > 2): 

(f-2) ( 


p^^-^^iy)D{x) = 


p^^-^’>{y)P^{x) = 


2'Ki{y-x) \ (y-x) 


-(i-l)a,p^--^^(x) 


/ -\ [^1 — \ pj Ai-“AqA/ \ N 

(^y^l f OJ^ (x) ^ d^OJ^ (x) , 2 , Ag-AgA. . 


2Tr{y -x) \ {y- x^ 


r?, ra+i, 

2Tri{y — x) 


dxCO^^-^^^ix)- 


(y - x) 

1 


(135) 


(y - x) 


OJ 


Af-AgB, 


x) 


2(_1)«+1(*)[|1-[4^1 I u;. 


(x) 


BAi---AgA 


+ (-1) 


Tr{y-x) y {y-xy {y-x) 

gl {2 - p)p^^X -Ag^^^ (^P - l)dg.p^^^ '^l{x) 


(x) I BAi---AgA 
-1- 


(x) 


7r(y - x)^ 


r(y - x) 


('vdfl-lV-l « 


(136) 


p^i-^'>(j/)A^i^=(x) = (t)« 


yBi\Af-Ag\B2\ Q ^[Bi|yli---A,|B2] 


2Tr{y — x)^ 27r(7/ — x) 


E(-i) 


r+l 


-1 


r—1 


TTi{y — x) * 


B2Ai---Ar-lBiAr+l---Aq 


(137) 
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\ 2TTi{y — xY 2m{y — x) ) 


- Ef-i)"' 


r—1 


2TYi{y — x )' 


Bi ■■■Bn — rY-l-'^rBn-r+2‘“BnA\---Ar---A, 


6 Conclusions 




7rz(y — xY 


TTi{y — x) 


2'Ki{y — x) 



(138) 

0 J 

(139) 


This work shows that the dual representation of an algebra provides a natural definition of a short 
distance expansion or operator product expansion. The operators are not built from an enveloping 
algebra as in the Sugawara constructions m but instead exists in their own right. For example in the 
section Em the operators, D{x), satisfy the same operator product expansions as one has in Virasoro 
theories ini which is built from a lattice. However, notice the A{x) that appears in our discussion of 
affine Lie algebras does not appear in conformal field theory treatments of WZNW El ESI EH where 
the energy-momentum tensor is constructed from the current algebra. Our construction is otherwise 
model independent and can be implemented for any algebra that admits a dual. Underlying free- 
field theories are not necessary to define these expansions. Thus, the roles of symmetry groups in 
defining these expansions is moved firmly to the foreground. The origin of this model independence 
is that we exploit the natural bifurcation of the initial data where the algebraic elements serve as 
conjugate momenta and the dual of the algebra serves as the conjugate coordinates. This feature 
is shared by the symplectic structures of actions like Yang-Mills theory and fV-extended affirmative 
actions [HEI. The coadjoint representation enforces a short distance expansion already at the level 
of the Poisson bracket of the elements with no Hamiltonian required. 

Another implication that we wish to note is that since we never relied on any specific model in our 
discussion, this implies that at no point was it necessary to invoke Wick rotations to a Euclideanized 
formulation to justify the form of the short-distance expansions. We note that just as in the case of 
Virasoro theories and some other conformal field theory based operators, the central extension can 
be further restricted by demanding unitarity. Choices of the central extension can be determined 
through the Kac determinant [HIISIIIT]. 

This viewpoint has been applied to the model-independent A^-extended supersymmetric QTZ Vira¬ 
soro algebra m to obtain for the first time its representation in terms of short distance expansions. 
The complete set of such expansions have been presented in the fifth section of this work. This 
success is expected to open up further avenues of study. Since these short distance expansions are 
now known for arbitrary values of N, this means that our new results may be used to study the 
possible existence of ID, = 16 or = 32 supersymmetric NSR-type models. The question of 
whether such an approach can lead to a new manner for probing M-theory is now a step closer to 
being answered. 
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